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This paper reviews recent theoretical and computational studies of thermoreversible gelation with multiple cross-
link junctions in associating polymers. Paying special attention to the 

 

multiplicity

 

 and 

 

sequence

 

 length of the network
junctions, we derive phase diagrams with coexisting gelation and phase separation. Local and global structures of the gel
networks are studied. The conventional Eldridge

 

−

 

Ferry method is extended to allow for simultaneous evaluation of mul-
tiplicity and sequence length (or enthalpy of the cross-links), and applied to the experimental gel melting curves of
poly(vinylalcohol) in water. On the basis of the Scanlan

 

−

 

Case criterion, we calculate the number of 

 

elastically effective
chains

 

 and of 

 

dangling ends

 

 in the network as functions of polymer concentration and temperature. The effect of added
surfactants on the formation of thermoreversible gels (

 

surfactant-mediated gelation

 

) in hydrophobically modified associ-
ating polymer solutions is also studied under the assumption of the existence of a minimum multiplicity required for sta-
ble cross-links. Competition between intramolecular micellization and intermolecular cross-linking is also studied with
special attention to the formation of 

 

flower micelles

 

.

 

In this paper, we review our recent theoretical and computa-
tional studies on thermoreversible gelation in associating poly-
mers. An associating polymer (hereafter referred to as AP) is a
polymer carrying associative groups (or segment blocks) along
the backbone or on the chain side.

 

1

 

 Typical model APs that
have recently been the focus of study are water-soluble poly-
mers partially modified by hydrophobic groups. One series of
APs are based on poly(ethylene oxide) chains (referred to as
PEO), being modified by short alkyl chains,

 

2–7

 

 propyrene oxide
(or butylene oxide) chains

 

8

 

 and fluorocarbon chains.

 

9–12

 

 Hydro-
phobes are either periodically or randomly attached on a poly-
mer chain. The simplest one is a telechelic polymer carrying
two hydrophobes at the chain ends. Another series of APs are
based on cellulose derivatives. Some examples are ethyl hy-
droxyethyl cellulose (EHEC)

 

13–15

 

 and hydroxypropyl methyl
cellulose (HPMC).

 

16,17

 

 Polyelectrolytes partially modified by
hydrophobic groups have also been intensely studied.

 

18–22

 

Associative groups form aggregates, or micelles, through
hydrogen bonds, ionic attraction, hydrophobic interaction, etc.
Polymers with associative interactions exhibit a variety of con-
densed phases, typical examples of which are microscopically
ordered phases, gels, and liquid crystals.

 

23–28

 

 All of these phas-
es have their counterparts formed by covalently bonded poly-
mers, but, since association is thermally controllable, associat-
ing phases provide a new pathway to modelling statistical clus-
ters, block copolymers, and reversible networks. APs also ex-

hibit characteristic rheological properties such as shear
thickening

 

2,7,29

 

 at relatively low shear rate, so that they imply
vast industrial applications as rheology control agents.

The strength of association is described by the 

 

association
constant

 

 defined by 

where 

 

β

 

 

 

≡

 

1/

 

k

 

B

 

T

 

 is the reciprocal temperature, and 

 

∆

 

f

 

0

 

 the stan-
dard free energy change on binding a single associative group
into an aggregate, or a network junction. If the associative
group (or block) consists of 

 

ζ

 

 statistical segments, as in aggre-
gation of hydrophobic short chains, the free energy change can
be written as 

by the use of the binding enthalpy 

 

∆

 

h

 

 and entropy 

 

∆

 

s per statis-
tical unit

 

. The number 

 

ζ

 

 is called the 

 

sequence length

 

 of a junc-
tion.

Another important structural parameter of a junction is its
multiplicity. The multiplicity 

 

k

 

 is defined by the number of
groups combined together in a single junction. A cross-link by
covalent bond has multiplicity 

 

k

 

 = 2 because of the pairwise
bonding. However, most thermoreversible gels have multiple
cross-links, markedly in contrast to pairwise bonding of the
chemical cross-linking.

λ (T ) ≡ exp(−β∆ f0), (0.1)

∆ f0 = ζ(∆h−T ∆s) (0.2)
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From a dynamic point of view, the time scale of reorganiza-
tion in the network junctions is characterized by the 

 

average
duration time

 

 

 

τ

 

x

 

 for an associative group to be in a bound state.
It is governed by the free energy barrier 

 

∆

 

F

 

†

 

 separating the
bound state from the free one: 

(

 

τ

 

0

 

 being a microscopic time of monomer motion.) The rheo-
logical time scale governing the dynamics of transient net-
works can therefore be adjusted by this barrier height in the as-
sociative interaction.

 

30,31

 

1 Model Solution

1.1 Theoretical Model —Multiple Association—.    

 

 We
first present a theoretical description of the model AP solution.
We consider a mixture of associative molecules (functional
molecules in conventional terminology) in a solvent. Mole-
cules are distinguished by the number 

 

f

 

 of the associative
(functional) groups they bear, each associative group being ca-
pable of taking part in the junctions with variable multiplicity
which may bind together any number 

 

k

 

 of such groups.

 

32,33

 

 We
include 

 

k

 

 = 1 representing unassociated groups. In what fol-
lows, we allow junctions of all multiplicities to coexist, in pro-
portions determined by the thermodynamic equilibrium condi-
tions. Let 

 

n

 

f

 

 be the number of the statistical segments on an 

 

f

 

-
functional molecule, and let 

 

N

 

f

 

 be the number of 

 

f

 

-functional
primary molecules in the solution. The weight fraction 

 

w

 

f

 

 of the
associative groups carried by the molecules with specified 

 

f

 

 rel-
ative to the total number of associative groups is then given by 

The number and weight average functionality of the primary
molecules are then defined by 

and 

In thermal equilibrium, the solution has a distribution of
clusters with a population distribution fixed by the equilibrium
conditions. Following the notation used by Fukui and Yam-
abe,

 

32

 

 we define a cluster of type (

 

j

 

,

 

l

 

) to consist of 

 

j

 

k

 

 junctions
of multiplicity 

 

k

 

 (

 

k

 

 = 1,2,3,...) and 

 

l

 

f

 

 molecules of functionality

 

f

 

 (

 

f

 

 = 1,2,3,...). The bold letters 

 

j

 

 

 

≡ 

 

{

 

j

 

1

 

,

 

j

 

2

 

,

 

j

 

3

 

,...} and 

 

l

 

 

 

≡

 

{

 

l

 

1

 

,

 

l

 

2

 

,

 

l

 

3

 

,...} denote the sets of indices. An isolated molecule of
functionality 

 

f

 

, for instance, is indicated by 

 

j

 

0

 

f

 

 

 

≡

 

 {

 

f

 

,0,0,...}, and

 

l

 

0

 

f

 

 

 

≡ 

 

{0,...,1,0,...}.
The multiplicity of junctions is in principle determined by

the equilibrium requirement for a given associative interaction.
In the case of hydrophobic interaction, the chain length of a hy-
drophobe, the strength of water-hydrophobe interaction, the
geometric form of an aggregate, and other factors determine
the association constant 

 

λ

 

(

 

T

 

) and the multiplicity of junctions.
In the present theoretical study, we avoid complexity in finding
the precise distribution of the multiplicity, but instead, we in-
troduce a model junction

 

33

 

 in which multiplicities lying in a

certain range covering from 

 

k

 

 = 

 

s

 

min

 

 to 

 

s

 

max

 

 are equally allowed.
We thus have 

When only a single value is allowed, i.e.,

 

 s

 

min

 

 = 

 

s

 

max

 

 

 

≡ 

 

s

 

, we call
the model 

 

fixed multiplicity model

 

. Thus, for 

 

s

 

 = 2, fixed multi-
plicity model reduces to pairwise association. Such assumption
of 

 

mini-max junction

 

 can be to some extent justified in the mo-
lecular simulation of AP described below by using a simple at-
tractive potential among associative groups.

To deal with concentrations, we start from the conventional
lattice-theoretical picture of polymer solutions,

 

34–36

 

 and choose
the unit of volume to be that of a unit cell, and we make the
customary simplifying assumption that the solvent molecules,
the functional groups and the statistical repeat units of the pri-
mary chain molecules all occupy this same volume, 

 

a

 

3

 

. This is
not a serious restriction.

Thus, if 

 

N

 

(

 

j

 

;

 

l

 

) is the number of (

 

j

 

;

 

l

 

)-clusters in the system,
their number density is 

 

�

 

(

 

j

 

;

 

l

 

) = 

 

N

 

(

 

j

 

;

 

l

 

)/

 

Ω

 

 and their volume frac-
tion is 

where 

 

Ω

 

 is the total number of lattice cells in the system. The
total volume fraction of the polymer component is thus given
by 

 

φ

 

 

 

= 

 

j,l

 

φ

 

(j;l).
1.2 Computational Model —Periodic Associating Poly-

mers—.    In order to see how APs form clusters and networks,
we perform Monte Carlo (MC) computer simulations37 in par-
allel to the theoretical study described above. Here we focus on
the competition between intramolecular micellization and in-
termolecular cross-linking. As a model chain, we employ an
off-lattice bead-spring model as schematically shown in Fig. 1.
Associative beads are placed periodically along the chain in ev-
ery p–1 non-associative beads. The potential energy for a poly-
mer chain with n beads consists of the following three terms: 

Here, Hb is the conventional finitely extensible nonlinear elas-
tic (FENE) potential38 

τ× = τ0 exp(β∆F†). (0.3)

wf = f Nf /
X

f Nf . (1.1)

fn ≡ (
X

wf / f )−1, (1.2)

fw ≡
X

f wf . (1.3)

k = 1(free), k = smin,smin +1, ..., smax(associated). (1.4)

φ(j;l) =


X

f≥1

nf l f

 ν(j;l), (1.5)

P

Fig. 1. Model chain employed in our MC simulation.
Gray beads indicate associative groups, while white
beads non-associative monomers.

H = Hb +Hθ +Hnb. (1.6)

Hb = −
n−1X

i=1

kb

2
(lmax − l0)2 ln

1 −
(

li − l0

lmax − l0

)2 , (1.7)
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to assure chain connectivity, where kb is the spring constant,
and li, l0, and lmax are the instantaneous length of bond i, the
equilibrium bond length, and the maximum bond length, re-
spectively. The bond angle θi between successive bonds is kept
close to the equilibrium value θ0 by the bending potential 

Finally, Hnb given by 

represents interaction between the beads that are not directly
connected by a spring, where u is the pair-potential, rij the dis-
tance between beads i and j, and (nb)

i < j indicates summation
over all distinct pairs of non-bonded beads. Excluded volume
interaction with hard-sphere diameter � is assumed to act be-
tween all pairs of non-bonded beads, while associative interac-
tion is introduced among associative groups which attract with
each other via the square-well potential 

Parameters in the model are chosen as follows. Length is
scaled by the hard-sphere diameter � as a unit of length. We set
l0 = 1 and lmax = 1.2 to avoid bond crossing, and kb/kBT = 50.
Neighboring beads are on average in contact with each other in
an equilibrium state because the equilibrium bond length l0 is
chosen to be equal to the hard-sphere diameter �. Interesting
results due to chain stiffness are expected to come out by ad-
justing the bending constant kθ, although most of the studies
presented here do not take this term into account (kθ = 0). Im-
portant dimensionless parameters in our model are the interac-
tion range d, and the relative strength of the associative interac-
tion ε�kBT. In the present study, d is fixed at 1.2 and ε�kBT is
changed from 0 to 6.

In our MC simulations, we employ Metropolis algorithm.39

A bead is chosen at random and its position is displaced by ∆r
(|∆ri| � 0.3, i = x,y,z). The energy change ∆H caused by this
displacement is calculated. If ∆H < 0, the new conformation is
accepted; otherwise the Boltzmann factor exp (–∆H /kBT) for
the displacement is compared with a random number in the
range [0,1]. Only if the Boltzmann factor is larger than this ran-
dom number, the new conformation is accepted.

In a special case where our model AP chain consists of one
associative bead only with no non-associative bead, the solu-
tion reduces to a system of hard spheres interacting via an at-
tractive potential well. Gelation and phase separation (gas-liq-
uid phase transition) in such interacting sticky spheres were
studied as a model system of particulate gels.40–42

2 Sol/Gel Transition and Phase Separation

2.1 Theoretical Criterion of the Gel Point.     We briefly
summarize our lattice theory of network-forming polymer so-
lutions.33,43 The free energy change on passing from the stan-

dard reference state (polymers and solvent molecules being
separated in hypothetical crystalline states) to the final solu-
tion, at equilibrium with respect to cluster formation, is given
by the expression 

in the pregel regime. The subscript zero denotes the solvent,
with volume fraction φ0 = 1 – φ. The quantity ∆(j;l) involves the
free energy change accompanying the formation of a (j;l)-clus-
ter in a hypothetical undiluted amorphous state from the sepa-
rate primary molecules in their standard states: 

In the postgel regime where a cluster grows to a macroscopic
network, the free energy has an additional contribution from
the gel part. We leave its details to the literature.33,43

By minimizing this free energy with respect to the volume
fraction φ(j;l), the most probable distribution of clusters is
found. This process can be performed in a more systematic
way by deriving chemical potentials for all types of clusters
from the free energy, and imposing on them the chemical equi-
librium conditions 

Now the free energy ∆(j;l) consists of three parts: combinatori-
al, conformational, and bonding ones. The combinatorial part
comes from the number of different ways to form a cluster of
the type (j;l) from the separate primary molecules. The confor-
mational part comes from the change in the conformational en-
tropy on binding each chain into a cluster, and the bonding
term comes from the free energy change on binding associative
groups into the junctions of specified types. To use the multiple
tree statistics32 for the combinatorial entropy of cluster forma-
tion, we assume that all clusters take tree form as in the classi-
cal literature.44,45 Cycle formation within a cluster is neglected.
We also use lattice-theoretical entropy of disorientation34,36 for
the conformational entropy. We thus find the volume fraction
of clusters as a function of the temperature and concentration.

To summerize the result, we introduce the extent α of asso-
ciation, or conversion, that is defined by the probability for a
randomly chosen associative group to be associated. It is the
counterpart of the extent of reaction in conventional chemical
gels. Let pk be the probability for a randomly chosen group to
be in the junction of multiplicity k. The extent � is then ex-
pressed as

Then, p1 ≡ 1 – α is the probability for a hydrophobe to re-
main unassociated. This is equivalent to the normalization con-
dition pk = 1. This condition indicates that the total concen-
tration � of the hydrophobes should satisfy the relation 

Hθ =

n−1X

i=2

kθ

2
(cos θi − cos θ0)2. (1.8)

Hnb =
X

i< j

(nb)u(ri j), (1.9)

P

u(ri j) =




∞, ri j < σ
−ε, σ ≤ ri j < d
0, d ≤ ri j,

(1.10)

β∆F
Ω
= ν0 ln φ0 +

X

j,l

ν(j;l)[∆(j;l]) + ln φ(j;l)] + χφ0φ (2.1)

∆(j;l) ≡ β

µ◦(j;l) −
X

f

l f µ◦(j0 f ; l0 f )

 . (2.2)

∆µ(j;l) =
X

l f∆µ(j0 f ; l0 f ). (2.3)

α ≡
X

k≥2

pk. (2.4)

P

λ (T )ψ = zu(z), (2.5)
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where λ(T) is the association constant given by (0.1), and the
function u(z) to be used to characterize junctions is defined by

The coefficient γk comes from the surface free energy of an ag-
gregate with multiplicity k. The parameter z that appeared in
the above relations is defined by z ≡ λ(T)ψ p1 = λ(T)ψ (1–α),
and gives the (reduced) concentration of the hydrophobes that
remain unassociated in the solution.

The next step is to calculate the weight-average molecular
weight of the clusters. From its divergence, we find the sol/gel
transition point. It is most generally given by32,33 

where fw defined by (1.3) is the weight average functionality of
the primary chains, and µw ≡ k � 1kpk the average multiplicity
of the junctions. For monodisperse functionality, this equation
reduces to

For a specific model of mini-max junction (1.4), we have 

by neglecting possible contributions from micellar surfaces
and setting all 	k = 1 for smin � k � smax.

For example, the above normalization relation for the fixed
multiplicity model of monodisperse polymers (f and n definite)
is given by 

which connects the extent � of association to the (scaled) poly-
mer concentration. From here on, abbreviations f′ ≡ f – 1 and
s′≡ s – 1 are used.

The gel point condition (2.8) gives fs′α = 1 and hence α =
α* ≡ 1/f′s′ leading to the critical concentration 

where φ* is the volume fraction of the polymer at gelation. As
the multiplicity is changed, with other parameters kept fixed,
gelation concentration changes and the sol/gel line shifts on the
temperature−concentration plane.

Phase equilibria and thermodynamic stability can be studied
by using chemical potentials of the polymer and of the solvent.
These are derived above by differentiating the free energy. Bin-
odal curves and spinodal curves can then be drawn on the tem-
perature and concentration plane. In such AP solutions, gela-
tion and phase separation generally compete with each other,
and as a result phase diagrams with higher order critical
points46 such as tricritical point and critical endpoint are de-
rived.33,43,47

2.2 Gel Point in Simulation.    We first study conformation
of a single periodic AP chain. In a simulation box, we generate

a chain molecule with the degree of polymerization n = 41 car-
rying f = 11 stickers (period p = 4). We find that, for ε/kBT larg-
er than a certain threshold value (about 3.5 for the present mo-
lecular parameters), the stickers are strongly bonded with each
other and form a single aggregate. This behavior is similar to
the coil-globule transition observed in homopolymers in a so-
lution. However, the characteristic feature of periodic APs is
that the aggregates are covered by non-attractive beads, as
shown in Fig. 2(a). The aggregates can therefore be regarded as
microphase-separated intramolecular micelles. In Fig. 2(b), a
typical snapshot obtained by the simulation for n = 81 and f =
21 is presented. With twice as large number n of statistical
units, the micelle splits into two micelles of similar size. These
two micelles do not merge into a single one up to at least 107

MC steps. We therefore consider that these intramolecular mi-
celles are thermodynamically stable because the attractive in-
teraction between micelle cores is screened by non-attractive
coronas. We thus confirm that there is an upper bound smax in
the aggregation number of a micelle. This bound comes from
the space-filling condition and strongly depends on the period
of the stickers along the chain and the potential width d – σ.
Our theoretical assumption of the maximum multiplicity is
therefore justified by simulation.

The existence of the upper bound suggests that, if we use a
longer polymer chain, several flower micelles are formed along
the chain. In fact, experimental observation of a structure
formed by a train of flower micelles along a chain was reported
for amphiphilic graft copolymers in a selective solvent.48 An
example of pearl-necklace structure obtained in our simulation
is shown in Fig. 2(c).

u(z) ≡
∞X

k=1

γkzk−1. (2.6)

( fw −1)(µw −1) = 1, (2.7)

P

( f −1)zu′(z)/u(z) = 1. (2.8)

u(z) = 1 +
smaxX

k=smin

zk−1 = 1 + (zsmin−1 − zsmax )/(1 − z) (2.9)

λ (T )φ/n = α1/s′/ f (1−α)s/s′ , (2.10)

λ (T )φ∗/n = f ′s′/ f ( f ′s′ − 1)s/s′ , (2.11)

Fig. 2. at ε/kBT = 5. (a) n = 41, a single microphase-
separated micelle. (b) n = 81, the micelle splits into
two stable ones of similar size. (c) n = 201, AP takes
pearl-necklace structure.
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From such behavior of a single chain, we expect that asso-
ciative groups will form micellar cross-links between different
chains. To confirm this expectation, we perform MC with two
molecules. Other conditions used in the simulation are the
same as those in the single chain case. A typical snapshot ob-
tained is presented in Fig. 3. There are three aggregates in this
figure; the left and the right one are intramolecular aggregates,
but the one in the center is formed by the mixture of stickers
belonging to different molecules. The size of the micelle is al-
most the same as intramolecular ones. The binding energy is 
/
kBT = 5. In principle, an aggregate can serve as a multiple
cross-linking region if there are many chains. We therefore ex-
pect that the solution should eventually form gel with networks
whose junctions are microphase-separated multichain mi-
celles.

In a solution, many clusters are formed. Figure 4 shows a
typical snapshot of MC on the telechelic polymers consisting
of 7 beads at the volume fraction φ = 0.03. The non-associative
beads are replaced by bonds to give a clear picture. In contrast
to the conventional tree assumption, many small loops are
formed. The smallest loop in this solution is that formed by a
single chain. Such single-chain loops, called “petals”, attach to
the junctions in clusters. Loops made up of two or three chains

can also be seen. By changing the temperature, or polymer
concentration, we can see different types of aggregates. For in-
stance, by increasing the polymer concentration at constant
temperature, we can see that some loops open and change into
bridge chains. A detailed description of such loop/bridge tran-
sitions is given below.

To find the gel point by MC, we plot the weight fraction of
the largest cluster relative to the total weight of polymers as a
function of the polymer concentration. Around a certain con-
centration, it sharply rises and asymptotically approaches a
limiting value. We identify the gel point as the point where this
curve passes an inflection point. Another theoretically equiva-
lent, but practically different method is to find the concentra-
tion at which a cluster spans the simulation box, i.e., one end of
the cluster is connected to the other end. In the following sec-
tions, we usually find the gel point by applying the second
method, but we apply both whenever necessary.

3 Local and Global Structures of Networks

On passing the gel point, networks appear and coexist with
finite clusters. The structure of a network can be studied from
two different viewpoints: local viewpoint and global one. The
local structure of a network focuses on the structure of each
network junction, including its multiplicity, sequence length,
degree of chain packing, etc., while the global structure treats
topological connectivity of the network as a whole, paying spe-
cial attention to the cycle rank (number of independent large
loops), number of elastically effective chains, number of dan-
gling ends, average path number of junctions, etc. Studies from
such different viewpoints are complementary to each other,
and both are necessary.

3.1 Structure of Cross-Link Junctions.    When an asso-
ciative group on a chain involves ζ sequential repeat units, we
can write the standard free energy change as in Eq. 0.2. By tak-
ing the logarithm of the gelation concentration (2.11), we find
an important relation 

We can find multiplicity s and sequence length ζ by comparing
this relation with the experimental sol/gel transition concentra-
tion. For the hydrophobes on associating polymers, the en-
thalpy ∆h of a cross-link is found because ζ is known. For the
micro-crystalline junction formed by homopolymers, each ζ
sequence of repeat units along a chain surves as a functional
group for cross-linking. In such a case, a polymer chain is re-
garded as carrying f = n/ζ functional groups. Since we have
large n, and hence large f, we can neglect 1 compared to n or f,
and are led to an equation 

for micro-crystalline gels, where weight concentration c* has
been substituted for the volume fraction. This equation enables
us to find ζ and s independently. For the special case of pair-
wise association s = 2, this equation reduces to the convention-
al Eldridge–Ferry equation.49

Let us plot ln c* against 103/T+ln M. Then the slope –B of

Fig. 3. An intermolecular cross-link in MC. Two chains,
each carrying 61 beads, are cross-linked by forming an
intermolecular micelle.

Fig. 4. Typical snapshot of network-forming telechelic
AP solution. The bending constant is chosen as
kθ/kBT = 5.

ln φ∗ = ζ
∆h
kBT
+ ln [

f ′s′n
f ( f ′s′ − 1)s/s′ ] − ζ

∆s
kB
. (3.1)

ln c∗ = ζ
∆h
kBT
− 1

s − 1
ln M + constant, (3.2)
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the line at constant 

 

T

 

 gives –1/(

 

s

 

–1), while the slope –

 

A

 

 of the
line at constant 

 

M

 

 gives 

where (

 

∆

 

h

 

)

 

mol

 

 is the enthalpy of bonding per mole of the repeat
units, and 

 

R

 

 the gas constant. We have applied this method to
experimental data on the gel melting curves of several thermor-
eversible gels.

 

50

 

 As an example of such analysis, we show in
Fig. 5 the result for the gelation of poly(vinyl alcohol) (PVA) in
water.

 

50

 

 PVA is known to be a typical crystalline polymer, but it
also gels in aqueous solution under large supercooling. There
are several pieces of experimental evidence that the cross-links
are formed by partial crystallization of the polymer segments
in which syndiotactic sequence dominates, while subchains
connecting the junctions consist mainly of atactic non-crystal-
line sequences on PVA chains. The micro-crystals at the junc-
tions are supposed to be stabilized by hydrogen bonds between
the hydroxy groups. We plot the gel melting temperature found
from differential scanning calorimetry (DSC) and visco-elastic
measurements for PVA with different molecular weights cov-
ering the range from 2 

 

×

 

10

 

4

 

 to 8 

 

×

 

10

 

5

 

 in various concentrations.
The gel melting temperature 

 

T

 

m

 

 is estimated from the tempera-
ture at which the DSC heating curve shows an endotherm peak.
The slope of the solid lines with constant molecular weight
gives –A = 13.43 almost independently of their molecular
weights. Hence we find 

 

ζ

 

 = 26.7 kcal mol

 

–1

 

/|(

 

∆

 

h

 

)

 

mol

 

|. If we use
the heat of fusion (

 

∆

 

h

 

)

 

mol

 

 = 1.64 kcal mol

 

–1

 

 in the bulk crystal,
we find 

 

ζ

 

 = 16.3. On the other hand, the slope of the dotted

lines with constant temperature depends on the temperature. At
the highest temperature 

 

T 

 

= 91 

 

°

 

C in the measurement, it is
–0.38, while it gives a larger value –0.9 at 

 

T 

 

= 71 

 

°

 

C. The mul-
tiplicity is estimated to decrease from 3.6 for high-temperature
melting to 2.1 for low-temperature melting, suggesting a very
thin junction structure. From thermodynamic stability of the
junctions it is only natural that a gel which melts at lower tem-
perature has thinner junctions.

 

3.2 Topological Connectivity of the Networks.    

 

To study
visco-elastic properties of networks, we next find the number

 

�

 

eff

 

 of elastically effective chains.

 

36,51

 

 The elastically effective
chains are those chains that transmit stress when the network is
deformed by external force. They are related to the topological
structure of the network. Let us first specify the type of junc-
tions from their connection paths to the network matrix.

 

52

 

 A
junction of multiplicity 

 

k

 

 that is connected to the network ma-
trix through 

 

i
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 and for 
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 = 1,2,3,4,.... The total number of
junctions with multiplicity 

 

k

 

 is given by

To find the number of elastically effective chains, we next
employ the criterion of Scanlan
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 and Case.
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 It assumes that
only subchains connected at both ends to junctions carrying at
least 

 

three paths

 

 to the gel are elastically effective. We thus
have 
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,
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′
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3 for an effective chain. A junction with one path (

 

i

 

= 1) to the gel unites a group of subchains dangling from the
network matrix whose conformations are not affected by an ap-
plied stress. A junction with two paths (

 

i 

 

= 2) to the gel merely
extends the length of an effective subchain. We may call a junc-
tion with 

 

i 

 

�

 

 3 an 

 

elastically effective junction

 

. An effective
chain is defined as a chain connecting two effective junctions at
both its ends. We thus find 

for the number of elastically effective junctions, and 

for the number of elastically effective chains.
A dangling end may consist either of a single subchain or of

a group of subchains connected by several branch points. The
structure of a dangling end can be described by the number of
subchains and branch points it contains. By definition, the
number of dangling ends is given by 

The summation is taken over junctions with 

 

i

 

 

 

�

 

 2 because a
junction with only one path to the gel is just a branch point on
an already counted dangling end.

These topological relations hold for arbitrary networks.
Their advantage lies in the fact that, by combinatorial counting,

ζ =
103kB

|∆h| A =
103R

|(∆h)mol|
A, (3.3)

Fig. 5. Modified Eldridge-Ferry plot applied to the gel
melting points of poly(vinyl alchohol)/water solution.
Dotted lines connect the concentration at which gel
melts at constant temperature, while thin straight lines
show those at constant molecular weight. ( ) 91 ◦C;
(●) 87 ◦C; (◇) 83 ◦C; (□) 78 ◦C; ( ) 74 ◦C; (○) 71
◦C.

µk =
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we can actually find µi,k as a function of the degree α of associ-
ation.55 In our study, the degree α is found as a function of the
temperature and concentration through the relation (2.5), so
that all topological numbers described above can be calculated
as functions of the temperature and concentration.52 Figure 6
shows thus calculated numbers of elastically effective chains
for telechelic AP (f = 2) with s varied from curve to curve as a
function of � (Fig. 6(a)), and of the reduced concentration (Fig.
6(b)). Each curve rises in cubic power of the concentration de-
viation from the gel point and approaches unity at high limit of
the concentration. It obeys the mean-field scaling law in the
critical region 

with t = 3. The cubic power comes of course from the mean-
field treatment (tree statistics). According to percolation theo-
ry,56 we should expect a smaller power t = 1.7. At the comple-
tion of the reaction � = 1 (and hence �(T)φ/n → ∞), the curves
asymptotically reach unity. The number of effective chains is
proportional to the polymer concentration in this region. These
curves can be compared with the experimental data on the high

frequency dynamic modulus measured by Annable et al.2 Their
experimental data for HEUR C16/35K (PEO end-capped with
C16H33, molecular weight 35,000) are compared with our theo-
retical calculation52 in Fig. 7. We have chosen as c* = 1.0% for
the weight concentration at gelation. With this gel concentra-
tion, the scaling power at the critical region gives t = 1.6, close
to the percolation value. But since this power depends sensi-
tively on the way we choose c*, more detailed experimental ex-
amination in the critical region is eagerly required. In fitting the
data, we have horizontally shifted the experimental data be-
cause of the temperature pre-factor λ(T) and also because of
the difference in the unit of the polymer concentration. Al-
though fitting by a single theoretical curve is impossible due to
the existence of polydispersity in the multiplicity, our theory
produces correct behavior over a wide range of the concentra-
tion with multiplicity ranging from 6 to 8.

4 Polymer−Surfactant Interaction

The interactions between polymers and surfactants have
been a subject of great interest.57,58 The problem was laid ini-
tially in studies of proteins associated with natural lipids, and
later in the studies of their association with synthetic surfac-
tants. More recently, interaction of water-soluble synthetic
polymers such as poly(ethylene oxide) with ionic and non-ion-
ic surfactants59–62 have attracted the interest of researchers be-
cause of the scientific and technological implications. Adding
surfactants to polymer solutions with formation of polymer/
surfactant complex can substantially alter the physical proper-
ties of the starting polymers. The effects can be summarized
into the following four categories: (i) Conformational transi-
tion of polymers such as coil-globule transition63,64 and coil-
rod transition,65,66 (ii) Expansion and shift of the phase separa-
tion region on the polymer/solvent phase plane,6 (iii) Forma-

Fig. 6. The number of elastically effective chains (rela-
tive to the total number of chains) as a function of the
extent of reaction (a), and of the reduced concentration
(b).

νeff/ν � (φ − φ∗)t (3.8)

Fig. 7. Comparison of the high-frequency storage mod-
ulus of HEUR 16C/35K data measured by Annable et
al. with theoretical calculation. Multiplicity is changed
from curve to curve.
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tion of composite microphases,67 (iv) Shift of the sol/gel transi-
tion line68–70 and modification of the rheological proper-
ties.3,11,13 When polymers carry small fractions of hydrophobic
groups, effects are dramatically enhanced, because the ability
of surfactant binding is enhanced by the hydrophobic interac-
tion between polymer hydrophobes and surfactant hydro-
phobes. A profound influence of added surfactants on the rheo-
logical properties has been reported. For example, the high-fre-
quency plateau modulus of HEUR solution exhibits a large
peak when sodium dodecyl sulfate (SDS) is added at low poly-
mer concentrations. The peak in the modulus disappears at
higher polymer concentrations.3

4.1 Theoretical Study of Polymer–Surfactant Interac-
tion.     To study the effect of added surfactants, we consider a
model mixture of APs and low molecular-weight surfactant
molecules in a solvent.71 Each polymer is assumed to carry the
number f (� 2) of associative groups along its chain, and each
surfactant molecule is modeled as a low molecular weight mol-
ecule carrying a single hydrophobe connected to the hydro-
philic head. This is a special case of the model solution treated
above.

In equilibrium, hydrophobes on the polymers and on the sur-
factants aggregate into mixed micelles that serve as cross-link
junctions. The aggregation number differs from one micelle to
another. If we use the (reduced) concentration cf ≡ λ(T)fφf/nf in-
stead of φf for polymers and c1 ≡ λ(T)φ1/n1 for surfactants (ni

being the number of elementary statistical units on the mole-
cule of species i), the relation (2.5) can be transformed into

Solving this relation with respect to z for a given cf and c1, we
find z, and hence the conversion � as a function of a given tem-
perature and concentrations of both components.

The sol/gel transition condition for our polymer/surfactant
system is then explicitly given by

Combining this condition with the above relation and elimi-
nating the parameter z, we find the sol/gel transition curve on
the temperature-concentration plane.

When polymer concentration is low and the number of hy-
drophobes is not enough to form junctions, addition of surfac-
tants combines the unassociated hydrophobes into forming sta-
ble junctions with aggregation number exceeding smin. In this
situation, the surfactant works as a cross-linking agency. On
the contrary, when the polymer concentration is large and
many junctions are already formed, some of the polymer hy-
drophobes in the junctions are replaced by surfactant hydro-
phobes as soon as their multiplicity reaches smax, leading to the
dissociation of network junctions.

To demonstrate these opposite effects, we calculate the con-
centration of polymers at the sol/gel transition point as a func-
tion of the concentration of the added surfactant.71 Figure 8
shows the result for the telechelic (f = 2) polymers. Both poly-
mer and surfactant concentrations are expressed in terms of the
reduced concentration, the number of hydrophobes (per lattice

cell) times association constant. To see the effect of the mini-
mum multiplicity, smin is varied from curve to curve, while the
maximum multiplicity is fixed at smax = 8. It is clear that the sol/
gel concentration c*f monotonically increases with the surfac-
tant concentration for smin = 2 (no lower bound), i.e., gelation is
simply blocked by the surfactant. But if there is a forbidden re-
gion between k = 1 (unassociated) and k = smin, a minimum in
c*f starts to appear. At this surfactant concentration gelation is
most promoted as can be seen for smin � 3. The surfactant con-
centration at which c*f becomes minimum is referred to as the
surfactant-mediated gelation (SMG) point. It increases as the
minimum multiplicity becomes larger.

4.2 CMC of the Surfactant Molecules.    Surfactant mole-
cules form micelles above a certain concentration. The concen-
tration at which micelles start to appear is referred to as the
critical micelle concentration (CMC). To see how CMC is af-
fected by the presence of associating polymers, let us focus on
the surfactant molecules that are not associated to any poly-
mers.

The clusters consisting purely of surfactant molecules are
indicated by lf = 0, so that we have l = {l1,0}. There is a single
junction of the multiplicity k = l1 in such a pure surfactant clus-
ter. We then have jk = 1 for k = l1 and other jk = 0. The distribu-
tion function becomes 

The total volume fraction of the pure surfactant micelles is giv-
en by 

c f +c1 = zu(z). (4.1)

( f −1)c f zu′(z)/(c f +c1)u(z) = 1. (4.2)

Fig. 8. Polymer concentration at sol/gel transition as a
function of the concentration of added surfactant. Min-
imum multiplicity smin is varied from curve to curve
under a fixed maximum multiplicity smax.

λν(j; l) = γl1(x1)l1/l1. (4.3)

λφ iso
1 /n1 ≡ λ

X

l1≥1

l1ν(j;l) = x1u(x1). (4.4)



F. Tanaka et al. Bull. Chem. Soc. Jpn., 74, No. 2 (2001) 209

Since x1 = c1(1–α) = c1/u(z) by definition, we find

From this result, we find that the surfactant molecules ad-
sorbed into junctions made up of polymer hydrophobes is giv-
en by 

The adsorption probability θ (the probability for a surfactant
molecule to be attached to a junction in a cluster) is therefore
given by

In our mixture, we define the critical micelle concentration
by the surfactant concentration at which micelles consisting
only of surfactant molecules start to appear. In what follows we
refer to this concentration as the critical pure micelle concen-
tration (CPMC). One conventional criterion for CMC is to find
the concentration at which the osmotic pressure changes its
slope most rapidly.72 This criterion is almost equivalent to the
condition that the weight density of the surfactant molecules
expressed as a function of that of the isolated (unassociated)
molecules ceases to have its inverse function.72 In our present
particular model, this happens when 

holds. This equation is an algebraic equation for z and has its
roots on the complex z-plane. These roots are branch points of
the inverse function. When the concentration x1 of the unasso-
ciated surfactant passes near the root that lies closest to the real
z-axis, the osmotic pressure due to surfactant molecules chang-
es its slope most rapidly.

To study the relative position of CPMC and SMG concentra-
tion, we consider a special multiplicity model in which junc-
tion multiplicity is fixed at a single value s. The function u(z) in
this fixed multiplicity model takes the form u(z) = 1+zs–1 by
definition

The top figure in Fig. 9 shows sol/gel transition line (solid
line) and CPMC line (broken line) on the triangular plane of
polymer/surfactant/water system. SMG and the point where
CPMC line and the gel line cross are indicated by the black cir-
cle and the open one. Their relative position may change if we
allow differences in the binding free energies for a polymer hy-
drophobe and for a surfactant hydrophobe into the micelles.

4.3 Enhancement of Elastic Modulus.    We next study the
effect of added surfactants on the dynamic mechanical moduli
of AP solution. In the experiment of HEUR/SDS system,3 addi-
tion of surfactant results in several effects. The moduli can no
longer be described by the simple Maxwell element with a sin-
gle relaxation time, but a shoulder appears on the loss modulus
at high frequencies. The high frequency plateau in the storage
modulus reveals non-monotonic dependence on the SDS con-
centration. At low polymer concentration, it initially rises to a
peak and then decreases monotonically, falling eventually to
zero at higher SDS concentration. With increase in the polymer

concentration, the height of the peak in the storage modulus de-
creases and its position shifts to lower SDS concentration.
Above a certain polymer concentration, the peak disappears.

The plateau value of G′(ω) is expected to be proportional to
νeff(c1)kBT because the network topology does not alter within
the measurement timescale ω–1, which is shorter than the aver-
age lifetime τx of a junction. Therefore, we can study the elastic
moduli by counting the number of elastically effective chains
as a function of the concentration of surfactant. Figure 10
shows the number νeff(c1) plotted against the surfactant concen-
tration c1 (divided by the polymer concentration c) for f = 2.
The number is normalized by the value νeff(0) under the ab-
sence of the surfactant. This ratio gives the relative amplitude
G′(c1)/G′(0) of the high frequency plateau value in the storage
modulus. The multiplicity of a junction is varied from 3 to 8.
The polymer concentration cf = 2 is changed from curve to

λφ iso
1 /n1 = c1u(x1)/u(z). (4.5)

φads
1 = [1−u(x1)/u(z)]φ1. (4.6)

θ = 1−u(x1)/u(z). (4.7)

d(zu(z))/dz = u(z)+ zu′(z) = 0 (4.8)

Fig. 9. (top) The sol/gel transition line and the CPMC
line drawn on the ternary phase plane of poly-
mer/surfactant/solvent system. The minimum gelation
point is indicated by a black circle. The white cir-
cle shows a special point at which gelation and mi-
cellization simultaneously take place. (bottom) Snap-
shot of MC in which a periodic AP undergoes confor-
mational transition induced by adsorption of surfactant
molecules.
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curve. As expected, the curves of the number of elastically ef-
fective chains for low polymer concentrations first rise to a
peak and then monotonically decrease to zero where the gel
network is broken into sol by the surfactant. For higher poly-
mer concentrations, however, the curves do not show any peak,
because junctions are well developed without surfactant mole-
cules for such polymer concentrations and the added surfactant
merely destroys junctions.

These calculations reproduce, at least qualitatively, the ex-
perimental data on such as HEUR/SDS reported by Annable et
al.3 However, in our theory, all curves cross each other at a cer-
tain surfactant concentration, whereas the experimental data
reveal the same tendency only for relatively high polymer con-
centrations. The maximum in the modulus is caused by the ex-
istence of a forbidden region in the multiplicity of the network
junctions.

4.4 Polymer–Surfactant Interaction as Studied by MC
Simulation.    To see the two opposite effects of surfactant
mentioned above, we have performed MC simulation on AP
mixed with surfactant. A surfactant molecule is modelled as a
one-end functional low molecular weight molecule. In the bot-
tom figure of Fig. 9, a periodic AP with period 4 carrying a to-
tal of 81 beads is shown to undergo conformational transition
from compact micelles to elongated trains of mixed micelles
by adsorbing surfactant molecules consisting of 3 beads. The
concentration of surfactant lies above its CPMC as shown in
the ternary diagram because three pure micelles of surfactant
are formed in the simulation box.

Figure 11 shows a typical snapshot of MC simulation on
telechelic polymers of 7 beads mixed with surfactant mole-
cules of 3 beads at concentrations φ2 = 0.1 and φ1 = 0.08. Sur-
factant molecules create new junctions by forming mixed mi-

celles. In other words, they serve as cross-linkers, or gluons
working among polymer hydrophobes. Gelation is promoted,
so that the polymer concentration at the gel point is lowered.

5 Effect of Loop Formation

Let us turn back to AP solutions. We have so far excluded
the effect of loop formation in the clusters. We now try to take
such loops into consideration. Loops are roughly classified into
two categories; small loops and large loops. Small loops are
those formed within a single chain. The association among
functional groups in a single chain forming flower-like mi-
celles with small loops (petals) as shown in Fig. 2 is called in-
tramolecular association. Large loops involve many (at least
more than two) chains. The number of large loops in a cluster is
called its cycle rank in the literature,51 and plays an important
role in rubber elasticity of polymer networks. We consider here
the former ones. In a solution, intramolecular and intermolecu-
lar association compete with each other. Frequencies of their
occurrence change with temperature and concentration. As-
suming perfect equilibrium in association, we can study associ-
ation by splitting the process into two stages. In the first stage,
we consider how intramolecular association takes place. A
chain generally carries several flowers, whose cores serve as
composite associative groups if they are not saturated. It can
also be regarded as an excited state in its conformational space.
In the second stage, we connect these excited chains with each
other to form clusters and networks. We can thus study how the
relative population of bridge chains and petal chains changes
with concentration.

5.1 Six Types of Association in Telechelic Associating
Polymers.    To clarify the problem, let us consider telechelic
polymers. The excited state of telechelic polymers is unique,
namely, a single loop. The probability to form such a loop is
decided by the thermodynamic equilibrium condition, and is

Fig. 10. High frequency plateau modulus as calculated
from the number of elastically effective chains plotted
against the concentration of added surfactant. Curves
for low polymer concentrations show a peak at a certain
surfactant concentration.

Fig. 11. MC snapshot of telechelic AP solution mixed
with surfactant molecules. New junctions of mixed mi-
celles are created by the help of surfactant molecules,
leading to more chances for polymers to form networks.
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given by 

where λ(T) is the association constant, n the total number of the
statistical units on a chain, and B some numerical constant.73

Strictly, the power 3/2 in Eq. 5.1 should be replaced by dν +γ
–1 for polymers in a good solvent, where d = 3 is the space di- 
mension, 

 
ν

 
 = 3/5 the Flory’s exponent, and 

 
γ

 
 = 7/6 is the critical

exponent describing the total number of self-avoiding random
walks.

 

74

 

 However, we neglect the excluded-volume effect
throughout this paper since our solution theory and gelation
theory are both based on the mean-field treatment. We intro-
duce the parameter 

 

ζ

 

 as a new parameter independent of the as-
sociation constant 

 

λ

 

.
The loop parameter (5.1) can also be written as 

where 
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2

 

 is the difference in the conformational free
energy between the reference conformation (open chain with
two unassociated groups, indicated by the subscript 2) and the
excited conformation (a loop with a single composite associa-
tive group, indicated by the subscript 1). Thermoreversible ge-
lation strongly coupled to such an internal conformation
change can be treated more generally by including polymers
carrying arbitrary numbers of associative groups. Details of the
theory are reported in our recent paper.
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A loop is regarded as a pseudomolecule carrying a single ef-
fective associative group formed by the doublet of the original
associative groups. We then have the model solution in which
bifunctional telechelic polymers are mixed with monofunc-
tional loops. Thus our problem can be mathematically mapped
onto the mixture of the associating polymers and surfactant
molecules that was already studied in the preceding section.
The only difference lies in that the population of loops (corre-
sponding to surfactants) is automatically controlled by the
thermodynamic equilibrium condition. We can thus study the
effect of small loops on the gelation of AP within the scheme of
classical tree statistics.

For our present chain/loop mixture, the total number density
of the associative groups is given by 
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, where 
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= 1,2) is the volume fraction of the loops (
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 = 1) and of the
chains (
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 = 2). The total volume fraction 
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 of the polymers in
the solution is given by 
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. The number density of each
molecule is given by 
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. In the surfactant problem, these
densities are fixed at the preparatory stage of the experiment,
but here their relative population is decided by the equilibrium
loop parameter 

 

ζ

 

 as 

where the superscript

 

 ° 

 

indicates that 

 

ν

 

°

 

f

 

 is the number density
of molecules in the conformation with 
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 that remain isolated in
the solution. By definition, we have 
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Hence, the relation 

holds. On substitution into (2.5), we find 

so that the number-average functionality < 

 

f

 

 > of the loop/chain
mixture turns out to be given by 

which depends on the polymer concentration.
At this stage, it should be noted that in our treatment of (2.5)

an original associative group on a chain and a composite asso-
ciative group on a loop are assumed to have the same associa-
tion constant 

 

λ

 

(

 

T

 

). Strictly, the latter has a different association
constant 

 

µ

 

(

 

T

 

) because the free energy produced on binding the
composite group into a miceller junction is different from that
for the original group. We assume, however, they are the same
to avoid complexity in this paper.

To see how closed association changes into open associa-
tion, we first summarize all possible types of the chains in the
solution. There are 6 categories altogether. They are shown in
Fig. 12, i.e., isolated open chain, isolated loop, cluster consist-
ing only of loops (called “

 

flower micelles

 

”), bridge chain, dan-
gling chain, dangling loop in a cluster. In what follows we pay
special attention to the pure flowers, and the concentration of
their appearance (referred to as “

 

critical flower micelle concen-
tration

 

” CFMC). Specifically we ask whether CFMC of flow-
ers lies below or above the gel concentration. The answer de-
pends on the parameter 

 

ζ

 

.
First, the volume fraction of unassociated open chains is giv-

en by 

 

φ

 

2

 

(1–

 

α
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2

 

, so that their fraction among the total chains is
given by 

 

C

 

0

 

 = 
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2
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2

 

/

 

φ

 

. It should be remarked that the con-
version 

 

�

 

 in this equation is the degree of association when the

ζ = Bλ (T )/n3/2, (5.1)

ζ = exp (−β∆A), (5.2)

ν◦
1/ν◦

2 = ζ , (5.3)

φ1/φ2 = ζ/u(z) (5.4)

(
λ
n

φ)
ζ +2u(z)
ζ +u(z)

= zu(z), (5.5)

< f >= [ζ +2u(z)]/[ζ +u(z)], (5.6)

Fig. 12. Six chain categories in telechelic associating
polymer solution. They are: isolated chain, isolated
loop, flower loop, bridge chain, dangling chain, ad-
sorbed loop.
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composite group (doublet) carried by a loop is regarded as a
single effective associative group. The true conversion α0 re-
garding the original groups is different from this, and is given
at the end of this section.

The fraction of the loops that remain isolated in the solution
is given by L0 = φ1(1 – α)/φ. Similarly, the fraction of dangling
chains and of bridge chains in the clusters are given by Cd =
2φ2α(1 – �)/φ and Cb = φ2�

2/φ.
Finally, let us consider loops again. A loop is either isolated,

or attached to a cluster junction, or belongs to a flower micelle.
In the previous section, we studied the adsorption probability 

of surfactant molecules into polymer clusters. It was found to
be given by Eq. 4.7. In the present context, c1 corresponds to
the volume fraction (times association constant) of the unasso-
ciated loops. The fraction of the loops dangling from the clus-
ter junctions is then given by Lad = φ1θ /φ. The fraction of the
loops that belong to the flower micelles is then given by sub-
traction as Lf = φ1(α –θ)/φ.

The conversion � used so far is the superficial degree of as-
sociation calculated under the assumption that the composite
group on a loop is regarded as one associative group. The real
conversion �0 is, however, defined by the number of associated
functional groups divided by the total number of groups.
Therefore, it is given by α0 = 2(φ1 + φ2α)/2(φ1 + φ2) = [�+ζ(1 –
�)]/[1 + ζ(1 – �)]. As a function of the loop parameter ζ, it
starts from � and monotonically increases to unity. Figure 13
shows the relative population of each chain category as a func-
tion of the total polymer concentration. The multiplicity of
junctions is allowed in the range between smin = 5 and smax = 8
for a fixed loop parameter ζ = 5. Curves are normalized to give
unity when summed up. Isolated loops and isolated chains start
with the ratio 5 to 1, but both of them decrease with the poly-

mer concentration, because they are adsorbed into mixed clus-
ters. Dangling chains, adsorbed loops, and bridge chains in-
crease with the concentration, but bridge chains eventually
dominate at high concentrations. Flower loops appear in a cer-
tain range of the concentration. Their curve exhibits a single
maximum around c = 1.5. Since the gelation concentration for
this solution is given by c* = 2.2, flowers appear before the so-
lution gels.

5.2 The Flower/Bridge Transition.    Let us next consider
the volume fraction φfl = Lfφ of the flower micelles. Figure 14
shows a snapshot of a flower micelle obtained in MC. The non-
associative beads are replaced by bonds in the bottom figure.
Since the parameters z and x1 are given as a function of the total
polymer concentration, we find φfl as a function of the concen-
tration. By differentiation, the concentration at which the vol-
ume fraction of flowers become maximum satisfies the condi-
tion dx1/dc = 0. This is equivalent to the condition for the gel
point. We thus find within our theoretical scheme that the con-
centration of flower micelles reaches a maximum value at the
gel point.

The concentration at which φfl rises from zero is CFMC.
Since it increases very slowly with total polymer concentra-
tion, the conventional method to identify CMC from the point
where the population curve of the micelles sharply bends is not
directly applicable. As a rough estimate, we here employ a cri-
terion that the concentration where the absolute value of φfl

reaches a certain threshold value is CFMC. The actual value of
the CFMC obtained in this simple method depends sensitively
upon the chosen threshold value. We have fixed this value at φfl

= 0.001, although it is somewhat arbitrary. The result is shown
in Fig. 15 together with the gelation line. For small values of
the loop parameter, the solution gels without flower micelles,
but above a certain value of the loop parameter, there is a large

Fig. 13. Relative population of each chain category plot-
ted against total polymer concentration. The loop pa-
rameter is fixed at ζ = 5. The allowed multiplicity is
limited by smin = 5 and smax = 8. The gelation concen-
tration for this solution is given by c∗ = 2.2.

Fig. 14. A flower micelle obtained in MC shown with
and without non-associative beads.
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region of flowers. Hence many flowers are formed before the
solution gels.

In MC simulation, the appearance of flower micelles de-
pends, of course, upon the bending constant kθ. Flexible poly-
mers with kθ = 0 easily form flowers, but polymers with finite k


can also form flowers once cores of aggregates reach an appre-
ciable size even if their loop parameter is small (see Fig. 4).
Such an acceleration effect in loop formation is not seen in the
theory because the free energy for binding an associative group
is assumed to remain constant irrespective of the aggregation
size. In a simulation, loops eventually change into bridge
chains with increase in the polymer concentration before the
gel point is reached.

6 Conclusions and Discussion

We have presented an outline of our recent theoretical and
computational studies on thermoreversible gelation in polymer
solutions with network junctions of variable multiplicity. Ther-
modynamic nature of the sol/gel transition, interference with
phase separation, structure of the network junctions, path con-
nectivity in the network have been studied on the basis of the
multiple tree statistics combined with classical lattice-theoreti-
cal polymer solutions. The effect of loop formation within a
cluster has also been elucidated though under very limited con-
ditions. Our studies have mainly focused on the gelation of wa-
ter-soluble associating polymers driven by hydrophobic aggre-
gation, but find application to experimental data on other types
of gels such as those driven by hydrogen bonding, micro-crys-
tallization etc. Further modifications and applications of our
theory and simulation would involve the following important
gelling solutions:

Hydration and High-Temperature Gelation.     Natural
polymers often gel on heating. A typical example which has
long been under intensive scrutiny is methyl cellulose with a
nearly full degree of molar substitution by methoxy groups.16,27

In an aqueous solution at low temperatures, polymer chains are
covered with water molecules attached by hydrogen bonds (hy-
dration) so that direct association between polymer segments
is prohibited. As the temperature is raised, chains gradually
lose attached waters, and polymer−polymer association, which
is initiated by hydrophobic interaction, being stabilized by di-
rect hydrogen bonds, begins to take place. As dehydration pro-
ceeds, the number of direct interchain associations increases
and eventually reaches a critical value for the formation of an
infinite network of polymers. The gel liquefies to the original
constituency on cooling.16 Because the hydrophobic segments
on polymer chains are partly exposed to water in the gel re-
gime, the solution tends to separate into two macroscopic phas-
es. Thus gelation and phase separation compete as the tempera-
ture goes up. We have theoretically derived phase diagrams
with high-temperature gels76 by taking hydration of water mol-
ecules into account. Our theory predicted a diverse variety of
phase diagrams depending on the relative strength of the poly-
mer-polymer association and polymer−solvent association.

Gelation Strongly Coupled to Polymer Conformational
Transition.    Natural polymers also undergo conformational
transition preceding gelation, thereby activation of the particu-
lar functional groups on a polymer chain accompanied by
proper three dimensional conformation change is a necessary
prerequisite for the interchain cross-linking. For instance, wa-
ter-soluble natural polymers such as agarose and �-carrag-
eenan first change their conformation from the random coil
state to a partially helical state, and then the helical parts aggre-
gate to form network junctions.23,24,27,28,77 Recently, a similar
two-step mechansim of gelation through coil-to-helix transi-
tion was confirmed for synthetic polymers with stereo-regular-
ity.78,79

Other important examples are globular proteins. Proteins
such as ovalbumin, or human serum albumin, are believed to
form gels after some of the intramolecular bonds in a native
state are broken during denaturation, with their functional
groups being exposed to the outer space, followed by the inter-
molecular recombination of the groups.24,80,81 A certain degree
of unfolding to expose functional groups is a necessary condi-
tion for the gelation in these examples.

We have studied75 the effects of polymer conformational
change on the thermoreversible gelation of natural and synthet-
ic polymers by introducing conformational free energy in addi-
tion to our starting model free energy (2.1). Gelation is classi-
fied into two major types: high-temperature gelation and low-
temperature gelation. Transition from intra- to intermolecular
bonding due to denaturation of some proteins leads to the
former type, while coil to helix transition and coil to rod transi-
tion lead to the latter. Typical phase diagrams in which sol/gel
transition and phase separation coexist are derived to study
how they depend upon the nature of the polymer conformation-
al change. We found that selection of sequences for helix for-

Fig. 15. Phase diagram showing the domains of flower
micelles and gels. When the loop parameter becomes
larger than a critical value, flower micelles are formed
before gelation. There is a region on the phase plane in
which flower micelles are dominant.
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mation from a linear chain is strongly correlated with the junc-
tion multiplicity, but many questions remain open.

Gelation of Stiff Chains.    As discussed in the text, chain
stiffness significantly affects the structure of aggregates; it pre-
vents loop formation, induces orientational ordering through
excluded-volume interaction, and leads to formation of bun-
dles made up of parallel chains. Gelation competing with liq-
uid-crystalline ordering is another important problem yet to be
studied. Network formation by rod-like molecules with asso-
ciative groups at both ends, for instance, is one of the simplest
systems that our theory and simulation can cover.

It is hoped to pursue these topics in later publications. We in-
tend also to investigate dynamic and rheological properties of
transient networks formed by physical cross-linking, as well as
to attempt a more detailed comparison of our theoretical and
computational studies with experimental data.
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collaborations during the last decade. The authors thank Mr. T.
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